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1 Introduction
One of the main properties of spontaneously broken supersymmetric field theories is that
the scalar potential which determines the classical spectrum of the theory is, to a large
extent, controlled by supersymmetric Ward-identities [1, 2, 3]. More importantly, for
theories with N ≥ 2 supersymmetry the low-energy scalar potential is completely fixed
by the gauging [3] of some invariance group of the theory up to certain “integration
constants” usually called “Fayet–Iliopoulos terms” [4]. In D = 4, an effective action from
superstring or M-theory compactifications can be described in full generality if a certain
number of local supersymmetries are preserved in the process of compactification [5]. In
the following paragraphs we will consider in some detail situations where this kind of
possibility is realized. If N -extended local supersymmetries are preserved, the classical
vacua of the theory are then selected by the scalar potential. Supergravity relates such
potential to the mass deformations of the theory. The latter are in turn connected to the
gauging procedure, if the theory has at least two unbroken supersymmetries.
Spontaneously broken theories of local supersymmetry have recently received a lot
of attention, because some new compactifications of superstring and M-theory can be
described in a rather general way and some of the new vacua are obtained by turning
on different types of fluxes of some geometrical objects of the higher-dimensional theory,
such as form fluxes or fluxes of the spin connection along the directions of the “internal
manifold” of compactification.
The new geometrical data of the theory can then be related to the massive defor-
mations of the lower-dimensional supergravity and it is often possible to derive general
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conclusions on the mass spectrum and on the broken and unbroken symmetries of the
new vacua.
This review is organized as follows. In the first part (sections 2,3 and 4), we recall
the so-called flow equations. These are essentially the content of the supersymmetric
Ward-identities of the theory [1, 2, 3]. The second part (sections 5 and 6) deals with
the construction of the D = 4 supergravity action with the geometrical data of the
compactification procedure, in particular of the flux compactifications, which can be
described by manifolds with “exceptional” G-structure [6], as an extension of manifolds
with exceptional holonomy. The most famous examples of the latter are Calabi–Yau and
G2-holonomy compactifications with N = 1 or N = 2 residual supersymmetry in four
dimensions. Finally, we briefly describe the black-hole attractor mechanism, which also
falls in this class, as it is obtained by a flux potential. The latter is generated by the
wrapping of a form (5-form in type IIB) on a product of a 2-sphere with a homology cycle
of the internal manifold (a 3-cycle for Calabi–Yau 3-folds in type IIB).
2 Mass deformations of extended supergravity
The mass terms of a 4-dimensional extended supergravity lagrangian are related to the
“Yukawa” couplings of the spin 3/2 spin 1/2 sector and to the scalar potential of the
theory. They can be schematically written as [3]
Lm(detV )−1 = SABψ¯Aµ σµνψBν + i NAI λ¯IγµψµA +M IJ λ¯IλJ + h.c.− V (q). (2.1)
Here SAB, N
A
I , M
IJ are the fermionic “mass matrices”, which are related to the
fermionic (supergravity) transformation laws as follows:
δψµA = . . .+
1
2
γµ SABǫ
B , (2.2)
δλI = . . .+ N
A
I ǫA (2.3)
and moreover, the scalar potential V (q) is given by [1, 2]
δABV (q) = −3S¯ACSCB +NAI N IB, (2.4)
where (NAI )
∗ = N IA, SAB = SBA = (S
AB)∗. If the full R-symmetry U(N) of N -extended
supergravity is manifest, then the index A labels the N -dimensional representation of
U(N) and ǫA(x) is the local supersymmetry parameter of the transformations (as left-
handed or Weyl spinor). Its complex conjugate ǫA(x) is a right-handed spinor. N -
extended supergravity can be formulated in such a way that the R-symmetry H is a
“local symmetry of the theory”; H is, in fact, part of the holonomy group of the σ-model
geometry of the scalar manifold of the spin 0 components of the supersymmetric multiplets
of the theory. For example in the N = 1 theory, U(1) is part of the U(n) holonomy of
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the Hodge–Ka¨hler manifold [5, 7] of the n chiral (Wess–Zumino) multiplets. In N = 2,
U(2) = U(1) × SU(2) is split in the U(1) part of the holonomy of the special geometry
and the SU(2) part of the holonomy of the quaternionic geometry of the hypermultiplets
[8, 9, 10]. Moreover, in local N = 1, 2 supergravity, there are associated U(1) and SU(2)
bundles [7, 11] whose curvatures are in the same cohomology class as the Ka¨hler form
and as triplets of quaternionic almost complex structures of the base manifold. In simple
terms, this means that in the supergravity transformations of the gravitino
δψµA = DµǫA + . . . = ∂µǫA +
1
4
ωabµ γabǫA + ωµA
BǫB + . . . , (2.5)
the covariant derivative contains a term ωµA
B that is the U(N) connection of the prin-
cipal U(N) bundle. For symmetric spaces the U(N) connection is identified with the H
connection of the G/H coset space. For N = 1 and N = 2 this is the U(1) and U(2)
connection of Hodge–Ka¨hler and quaternionic geometry, respectively. All fermions of the
theory are assigned to representations of H . Local H symmetry then determines their
couplings to the non-linear σ-model of the scalar manifold. For rigid supersymmetry, the
H connection trivializes (becomes flat) [11]. In such a case the Hodge–Ka¨hler structure
becomes simply Ka¨hler and the quaternionic structure becomes hyper-Ka¨hler.
For all N > 2 theories, the σ-model geometry is trivial (flat) in the rigid case and
becomes (at least locally) a symmetric space in the case of local supersymmetry (super-
gravity). The local R-symmetry H becomes part of the isotropy group of the symmetric
space G/H ′, whereH ′ = H×HMatter. HereHMatter is the part of the isotropy group related
to matter multiplets, which can only exist for N = 3, 4. In such a case HMatter =SU(n)
for N = 3 and HMatter = SO(n) for N = 4, where n is the total number of matter (vector)
multiplets.
An interesting case is the N = 8 theory. In the local SU(8) covariant formulation
of N = 8 supergravity, the rigid symmetry of the equations of motion is E7(7) but the
maximal rigid symmetry of the lagrangian is SL(8,R) [12, 13]. In different (duality
related) formulations, the maximal rigid symmetry of the lagrangian may be a different
(non-compact) subgroup of E7(7) and the manifest local symmetry may be a smaller
subgroup of SU(8). For example, by reducing from five to four dimensions [14] the non-
compact symmetry of the lagrangian is [14, 15] E6(6)⊗SO(1, 1)⋊T27 and the manifest local
symmetry is USp(8). By performing a Scherk–Schwarz reduction from 11 to 4 [16] (and
dualizing the antisymmetric tensors) the maximal non-compact symmetry of the action is
[17, 18, 19] GL(7)⋊N42, where N42 is a nilpotent algebra of dimension 42. In this case the
manifest local symmetry is Spin(7). In this formulation the spin 3/2 spectrum transforms
as the 8 of SU(8), USp(8) and Spin(7) respectively, but the covariant derivative still has
the full SU(8) connection.
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3 Electric-magnetic duality
The geometrical data of the σ-models of the scalar degrees of freedom are encoded in
the Ka¨hler (or special Ka¨hler) geometry for N = 1 and N = 2 theories. Moreover,
for N ≥ 2 theories, where scalar and vectors lie in the same multiplet, an additional
property must hold, since the non-linear σ-model must be consistently coupled to the
vector fields and to the fermions. This requirement demands the existence [20, 21] in
the theory of a “flat symplectic bundle” Sp(2nV ,R) where nV is the number of vectors
in the theory, and the base manifold is the scalar manifold of which the vectors are
supersymmetric partners. This state of affairs implies that the N = 2 Hodge–Ka¨hler
geometry of vector multiplets is “special Ka¨hler” [22, 11]. For N > 2 the symmetric
spaces G/H ′ of extended supergravity are of a very special type. In particular the group
G must have a “symplectic representation” RV to which the vector field strengths FΛ
and their dual GΛ belong. GΛ is defined [20] through the geometrical equation GΛ = 2 δLδFΛ ,
where the lagrangian L = L(FΛ, χ, ∂χ) is function of the field strength FΛ and of other
fields (spin 0, 1/2, 3/2) in the theory.
Since the representation RV is symplectic, the coset representative L(q) is a symplectic
matrix
L =
( U V
W Z
)
,
UTW,VTZ symmetric
UTZ −WTV = 1. (3.1)
where U ,V,W,Z are nv×nv real matrices. For lagrangians quadratic in the field strength,
the normalization of the “kinetic terms” of the vector fields is given through the formula
L = FΛ ∧ GΛ, (3.2)
with GΛ = Re NΛΣ FΣ + 12Im NΛΣ F−Σ or, in complex notation :
L = Im F−ΛNΛΣF−Σ = Im F−Λ ∧ G−Λ . (3.3)
The complex symmetric matrix NΛΣ = NΣΛ with Im N < 0 is related to the coset
representative through [20, 21]
N = (W − iZ)(U − iV)−1 = hf−1, (3.4)
and it is subject to a fractional transformation
N ′ = (C +DN )(A+BN )−1 (3.5)
under a symplectic transformation of parameters A,B,C,D (ATC, BTD symmetric and
ATD − CTB = 1) under which the vector field strengths rotate( F ′
G ′
)
=
(
A B
C D
)( F
G
)
. (3.6)
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Here S =
(
A B
C D
)
satisfies STΩS = Ω, where Ω =
(
0 1
−1 0
)
. For infinitesimal (con-
tinuous) transformations where S = 1 + s, with s =
(
a b
c −aT
)
, b = bT , c = cT , and a
arbitrary, N transforms as
δN = −aTN −Na+ c−N bN . (3.7)
We observe that under an S transformation the lagrangian L becomes
δL = 1
4
(
FcF˜ + GbG˜
)
. (3.8)
If b = c = 0, L is invariant; if b = 0, c 6= 0 L is invariant up to a total derivative,
while if b 6= 0, L is not invariant. In the absence of other fields, such as antisymmetric
tensors, the requirement for the gauging is that b = 0. If c 6= 0 and it is a local symmetry,
i.e. c = c(x), the invariance can be restored up to a total derivative, provided certain
conditions, discussed in the next sections, are fulfilled. If the Sp(2nv,R) is an element of
G then N ′(φ′) since in this case the duality rotation is an isometry of the non-linear σ-
model. For example, in N = 8, D = 4 supergravity, with G = E7(7), the Sp(56,R) duality
group contain G according to the embedding 56 → 56. For a coordinate transformation
of G/H φ→ φ′, which belongs to G,
δqu = ξAkuA(q), (3.9)
where kuA(q) are the “Killing vectors” of G, ξ
A = ξA(a, b, c). The group G has no linear
action on the gauge potentials AΛµ unless b = 0, in which case
δAΛµ = a
Λ
ΣA
Σ
µ ,
δN = c− aTN −Na. (3.10)
4 The gauging of duality rotations
For a duality rotation to be gauged, in a theory described only in terms of scalar and
vector fields as bosonic degrees of freedom, the duality rotations must be of the lower
triangular form (b = 0). Moreover the matrices aΛΣ(x), cΛΣ(x) must fulfil additional
restrictions, which come from the gauging, namely:
aΛΣ(x) = f
Λ
Σ∆ξ
∆(x),
cΛΣ(x) = cΛΣ,∆ξ
∆(x),
(4.1)
where fΛΣ∆ are the structure constants of the gauge group G ⊂ G and cΛΣ,∆ are “constants”
that must satisfy the following properties [22]
c(ΛΣ,∆) = 0, (4.2)
f∆Γ(ΠcΛ)∆,Σ − f∆Σ(ΠcΛ)∆,Γ +
1
2
f∆ΓΣcΠΛ,∆ = 0. (4.3)
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The last equation demands that c be a non-trivial cocycle of the Lie algebra of G. The
first equation has to be fulfilled even if G is abelian, in which case fΛΣ∆ = 0. If cΛΣ,∆ 6= 0,
translation isometries of the θ term (θF F˜ ) are gauged, which demands the presence of
Wess–Zumino terms in the action (generalized Chern–Simons terms) widely discussed in
the literature [22, 15, 23, 24, 25]. The complex nV × nV square matrix (f, h) determines
most of the other couplings in the lagrangian and transformation laws. For generic N -
extended theories fΛ = (fΛ[AB], f
Λ
I ), hΛ = (hΛ,[AB], hΛ,I), where the f
Λ appear in the
supersymmetric variation of the gauge vector potentials [3]
δAΛµ = 2f
Λ
[AB]ψ¯
A
µ ǫ
B + ifΛI λ¯
IAγµǫA + h.c. (4.4)
and the symplectic invariant combination
hTF−µν − fTG−µν (4.5)
enters the supersymmetry transformation laws of the fermions [9, 26, 3]. ForN = 2 special
geometry [22, 11], where the scalar manifold is an arbitrary special Ka¨hler manifold, these
matrices are [26, 27, 11] fΛI = (f¯
Λ
ı¯ , L
Λ), hIΛ = (f¯ı¯Λ,MΛ), Λ = 0, . . . , nV in terms of the
symplectic sector (LΛ,MΛ) and their covariant derivatives (f
Λ
i = DiL
Λ, hiΛ = DiMΛ).
We conclude this section by giving the scalar potential in terms of the geometrical
data of the gauged supergravity. For N = 1 theory the gravitino mass SAB = L is given
by
L = W (z)e
1
2
K(z,z¯), (4.6)
and the fermionic shifts NAI are
{
N i = 2gi¯∇¯L¯, DΛ = 2(Im NΛΣ)−1PΣ
}
.
The potential then is [28]
V = 4
(
−3LL¯ + gi¯∇iL∇¯L¯− 1
16
Im NΛΣDΛDΣ
)
, (4.7)
where PΛ is the prepotential of the Killing vector k
i
Λ = ig
i¯∂¯PΛ. The Fayet–Iliopoulos
terms correspond to a possible shift PΛ → PΛ+ ξΛ for abelian factors of the gauge group
G.
For N = 2 theories the geometrical data refer to both the special Ka¨hler manifold of
vector multiplets (mV their number; note that nV = mv + 1) with metric gi¯(z, z¯) and
Killing vectors kiΛ(z, z¯) and to the quaternionic manifold of hypermultiplets with metric
huv(q) and Killing vectors k
u
Λ(q). Because of the special nature of these manifolds, there
are additional geometrical quantities that enter the scalar potential, namely the matrix
(f, h) defined before (for special geometry) and the three-holomorphic prepotentials [10,
11] P xΛ (x = 1, 2, 3) for the quaternionic manifold, defined through the relation [10, 11, 29]
2kuΛΩ
x
uv = ∇vP xΛ(q), (4.8)
P xΛ(q) =
1
nH
DuKΛvΩ
xuv, (4.9)
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where Ω is the SU(2) curvature of the quaternionic manifold with holonomy group SU(2)
× USp(2 nH), nH being the number of hypermultiplets in the theory.
The gravitino mass SAB and fermionic shifts N are given by [11]
SAB = i
1
2
P xΛL
ΛσxAB = i
1
2
PABΛL
ΛσxAB = i
1
2
PAB, (4.10)
W iAB = i∇iPAB + ǫABki, (4.11)
NAα = 2UAαukuΛL¯Λ, (4.12)
where UAαu is the vielbein of the quaternionic manifold (A = 1, 2, α = 1, . . . , 2nH) and
ki (i = 1, . . . , mV ) are the Killing vectors of the special manifold. Finally the scalar
potential, through the formulae of section 2, reads [11]
V (z, z¯, q) =
(
gi¯k
i
Λk
¯
Σ + 4huvk
u
Λk
v
Λ
)
L¯ΛLΣ + gi¯fΛi f
Σ
¯ P
x
ΛP
x
Σ − 3L¯ΛLΣP xΛP xΣ. (4.13)
The last term is the contribution of the gravitino variation, the first and third terms are
the contribution of the gaugino variation, while the second term is the contribution of
the hyperino variation. Note that by virtue of the identity
gi¯fΛi f
Σ
¯ = −
1
2
(Im NΛΣ)−1 − L¯ΛLΣ = UΛΣ, (4.14)
the first and third terms can be rewritten as (also using PΛL
Λ = PΛL¯
Λ = 0)
UΛΣ (PΛPΣ + P
x
ΛP
x
Σ) = |δλAi |2. (4.15)
Fayet–Iliopoulos terms are only possible in the P xΛ prepotentials P
x
Λ → P xΛ + ξxΛ in the
absence of hypermultiplets. Examples corresponding to “flat gaugings” in the context of
N = 2 supergravity were found in [30], then realizing the no-scale structure previously
found in the context of N = 1 supergravity [31, 32].
5 Supersymmetric vacua of supergravity
Let us now see how the gauged supergravities described above can be obtained by com-
pactifying string or M-theory with non-trivial fluxes.
We are used to think about these compactifications as expansions around classical
vacua of string or M-theory, and for this reason we will first see how the new tool of
group structures on the tangent bundle can be used in order to classify and construct
these vacua. However, we will also see that, in order to obtain effective 4-dimensional
theories that can be described in terms of gauged supergravities, one needs only that the
compactification manifold admit some globally defined spinor, not necessarily providing
a vacuum of the theory. In this case the effective potential will be generically of the
runaway type, but it can still be described by the structures given previously.
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Let us then review how the group structure of the tangent bundle can be used to
classify and construct supersymmetric vacua of supergravity theories (we follow in part
[33, 34, 35, 36, 37]). We will start with a review of the ordinary geometric compactifica-
tions and the role of the holonomy group for their classification. We will then show how
this gets modified in the presence of fluxes and especially how the classification in terms
of holonomy groups is replaced by the more general classification in terms of structure
groups.
5.1 Geometric compactifications
When solving the supersymmetry conditions, the minimal setup that can be assumed is
to set to zero all the fields of the theory but the metric tensor. When only the metric
is non-vanishing, all the supersymmetry transformations are trivially satisfied, with the
exception of the gravitino one (at least when the theory does not contain higher-derivative
terms). The latter becomes an equation imposing constraints on the geometry of the
solution.
The supersymmetry requirement imposes that there exist a spinor η which is parallel
with respect to the Levi–Civita connection
δψm = ∇mη = 0 . (5.1)
By computing the integrability of this equation one obtains a set of constraints on the
solution
[∇m,∇n] η = −1
4
Rmn
pqγpq η = 0 . (5.2)
Equation (5.2) can be interpreted as the fact that certain combinations of the tangent
space generators
Tmn ≡ 1
4
Rmn
pqγpq (5.3)
annihilate η as well as the fact that the curvature is constrained. The first fact implies that
the holonomy of the space is generically reduced. For what concerns the second comment
we can see explicitly what happens by further contracting (5.2) with one gamma matrix:
γnγpqRmnpq η = γ
npqRm[npq] η − 2Rmnγnη = 0 . (5.4)
By using that Rm[npq] = 0 by construction for the Levi-Civita connection, one obtains
that the solution must be Ricci-flat: Rmn = 0.
Let us now apply this procedure to M-theory, and look for spontaneous compactifi-
cations to 4-dimensional Minkowski space. We therefore assume that the 11-dimensional
metric is a product of 4-dimensional Minkowski space-time with a compact internal man-
ifold: M11 = M4 × Y7. According to our previous discussion, the possible Y7 manifolds
must be special-holonomy, Ricci-flat manifolds. These spaces have been classified by
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Berger, and one can see that for obtaining minimal supersymmetry in four dimensions,
one can compactify M-theory on G2-manifolds, whose holonomy is contained in the group
G2 ⊂ SO(7). Berger’s classification applies more generally to all types of solutions that
can be obtained for purely geometric compactifications of any (ungauged) supergravity
theory preserving some supersymmetry.
Let us now explore the geometric consequences of equation (5.1) further.
The Levi–Civita connection appearing in (5.1) takes values in the tangent space group
Spin(1, d − 1) and actually, since it preserves the metric ∇MgNP = 0, in SO(1, d − 1).
This is the structure group of the tangent bundle for a generic Riemannian manifold,
i.e. the group required to patch the tangent bundle over the manifold. For the Levi–
Civita connection it coincides with the holonomy group.
When solving the supersymmmetry conditions one reduces this group, as we have
seen before, because the Killing spinors, solutions of (5.1), are annihilated by some of the
generators of this group. This means that in order to patch together the tangent bundle
over the manifold, only a subgroup G ⊂SO(1, d − 1) is needed. This fact is equivalent
to the Killing spinor being a singlet of G: it does not transform under an action of its
generators. Clearly, in order to have a reduction of the structure group over the whole
manifold, this invariant must be globally defined. This is granted for the solutions of
(5.1). The Killing spinors are parallel with respect to the Levi–Civita connection and
therefore any solution of (5.1) can be transported using this connection to any other
point of the manifold (at least if this is simply connected). This means that once the
supersymmmetry conditions are solved in one patch, the solution can be extended globally
over the manifold. Moreover, since the metric is preserved by this connection, it is clear
that the norm of all the invariants is preserved and the invariants whose norm is never
vanishing are globally defined.
Following this discussion, any reduced group structure, and therefore any reduced
holonomy group, implies the existence of a set of singlet tensor fields (or spinors) with
respect to the structure group. For instance, for the compactifications of M-theory to four
dimensions, we have seen that the holonomy group of the internal manifold is reduced
to G2. This means that there is one globally defined invariant spinor on the manifold,
as there is only one singlet in the decomposition of the spinor representation of SO(7)
in terms of G2 representations: 8 → 1 + 7. In the same way we can see that beside the
metric tensor (that is a singlet of the general SO(1, d) structure group of a Riemannian
manifold), there is a 3-form field that is invariant under G2: the co-associative form Φ.
This can be seen again by taking the decomposition of the generic rank-3 antisymmetric
tensor field with respect to G2: 35→ 1+7+27. It is useful to notice that this tensor (and
its dual) can be obtained by contractions of the invariant spinor with the 7-dimensional
gamma matrices:
Φmnp = −i η†γmnpη. (5.5)
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This also implies that Φ is parallel with respect to the Levi–Civita connection ∇Φ = 0,
by applying (5.1). Moreover, this condition gives the known differential conditions on the
3-form Φ to define a G2-manifold: it is closed and co-closed:
dΦ = 0, d ⋆ Φ = 0. (5.6)
5.2 Adding fluxes
Adding fluxes obviously changes this situation. A simple consequence is given by the
backreaction of these fluxes onto the internal geometry. The Einstein equation will now
read
Rmn = Fm
c1...cp−1Fnc1...cp−1 + . . . , (5.7)
where Fm1...mp is some p-form whose vacuum expectation value (vev) is assumed to be
different from zero. On the internal sector this generically implies that the space is no
longer Ricci-flat. But we can say more. If we again look for supersymmetric configura-
tions, the gravitino susy law tells us that there must exist a non-trivial spinor η which is
covariantly constant with respect to a certain connection D, which now contains also the
flux information. Integrability of the gravitino supersymmetry equation now no longer
implies a definite restriction of the holonomy group of the Levi–Civita connection and the
manifold is not generically Ricci-flat anymore, not even with respect to the generalized
connection D.
However, we can still characterize the solutions in terms of the structure group of
the tangent bundle, by using the properties of the new connection defined by D. For a
general value of the fluxes, this connection does not lie in Spin(1, d − 1), as not all the
terms in the gravitino susy rule can be rewritten in terms of Levi–Civita-plus-torsion
terms. Actually, it does not generically preserve the metric, defining the reduction of the
structure group to SO(1, d− 1),
DMgNP = QMNP 6= 0, (5.8)
and the generic decomposition of the connection will contain an explicit dependence on
these terms DM = ∇M + τMNPγNP + Q˜M , where τ is the contorsion tensor. As a generic
consequence the spinors that solve the supersymmetry equations are no longer globally
defined.
This does not imply that the solution does not preserve supersymmetry anymore. In
order to preserve supersymmetry one just needs to solve the supersymmetry preserving
conditions on every patch of the manifold, but the solutions need not be globally non-
vanishing. A similar phenomenon appears when one is looking for solutions of the Killing
vector equation on a manifold. Consider for instance S2 ≡ SO(3)
SO(2)
. This manifold has a
local SO(3) symmetry group. This implies that in every patch one can define 3 non-
vanishing vector fields that generate SO(3). At the same time, parallel transport of
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these fields changes their norm, as they are not parallel to the Levi–Civita connection
and can therefore vanish at some point, as they actually do. Nonetheless, the group of
isometries is SO(3) at each point on the manifold. The same phenomenon takes place
for the supersymmetry equations and the Killing spinors, solving the supersymmetry
conditions. In this case N spinor fields η satisfying Dη = 0 define an N -supersymmetric
background, even if some of the η vanish at some point. However, for the special cases
where Q = 0, the connection D lies in Spin(1, d − 1), and solutions to Dη = 0 can be
parallel-transported using this connection and therefore become globally defined. In the
first case, the structure group is reduced only locally, and one can use the techniques in
[38] to classify the solutions. In the second case, the structure group is globally reduced
and the intrinsic torsion completely specifies the supersymmetric solutions.
Before discussing how this classification can be achieved, let us give an example of the
previous discussion for the spheres Sn. The spheres can be used in supergravity solutions
to compactify some of the dimensions, preserving all supersymmetry. For instance, we can
compactify M-theory on AdS4× S7, preserving all 32 supersymmetries, or 4-dimensional
supergravity to AdS2×S2 describing the maximally supersymmetric horizon of extremal
black-hole solutions. All the spheres admit a maximal number of Killing spinors satisfying
the Killing equation:
Dmǫ = (∇m + iΛγm) ǫ = 0, (5.9)
where Λ is related to the radius of the sphere and, for flux compactifications, it is also
related to the expectation value of the form flux. For instance, the Fre´und–Rubin ansatz
leading to compactifications of M-theory on a 7-sphere assumes Fµνρσ = −6Λǫµνρσ. De-
spite this, the structure group of the sphere Sn is not generically reduced to the identity,
but for the special cases of n = 3 and n = 7. Let us consider first the case of S2. The
structure group of the tangent bundle over the manifold is SO(2) and it is not reduced
by the existence of spinors solving (5.9). This happens because the D connection takes
values in SO(3) and not simply in SO(2) and therefore the norm of these spinors is not
preserved when parallel-transported by D. Explicitly, the connection D can be put in the
form of a standard SO(3) connection Dm = ∇m + τmnpγnp, for in d = 2, γm = iǫmnpγnp,
with m,n = 1, 2, 3 and γ3 is the matrix defining the spinor chirality. Also the vector fields
that can be constructed from these spinors are therefore not globally defined and indeed
they are precisely combinations of the Killing vectors defining the SO(3) isometry group.
The same relation between the γ-matrices applies in three dimensions. This now
implies that the connection D is always in SO(3) (i.e. it preserves the metric) and therefore
any solution to the sphere Killing equation can be extended globally. In this case the
structure group is reduced to the identity and the manifold becomes parallelizable.
Intermediate cases exist, too. For instance S5 has an SU(2) structure, as there is
one and only one globally defined vector on the manifold. Still, compactifications of
type IIB supergravity on AdS5 × S5 preserves 32 supersymmetries. The five-sphere is a
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Sasaki–Einstein manifold [39]. All these manifolds have one globally defined vector.
A further example of what happens by turning on fluxes is given by string compact-
ifications to 4 dimensions. When the internal manifold is a six-dimensional space, from
the existence of a globally defined spinor we can define a 2–form Jmn = i η
†γmnγ
7η and a
3–form Ωmnp = i η
tγmnp (1 + γ
7) η. In the case of zero fluxes we have shown that ∇η = 0
and therefore also ∇J = ∇Ω = 0, i.e. J and Ω are preserved by the Levi–Civita connec-
tion. This further implies that dJ = 0 and dΩ = 0, which means that J is the Ka¨hler
form and Ω is the holomorphic form of a Calabi–Yau 3-fold. When fluxes are turned on,
we see that the internal manifold cannot be Ka¨hler anymore, since ∇η 6= 0 and therefore
also dJ will be different from zero. The outcome is that the generic compactification in
the presence of fluxes is given by a (warped) product of Minkowski space–time with a
curved and non–complex internal manifold
MD =M4 ×w YD−4 .
The existence of a G-structure does not a priori put any constraints on the possible
holonomy groups. In particular, the failure of the holonomy of the Levi-Civita connection
to reduce to G ⊂ GL(n) is measured by the intrinsic torsion and this latter can be used
to describe the G-structure. Given some G-invariant form η defining a G-structure, the
derivative of η with respect to the Levi–Civita connection, ∇η, can be decomposed into
G-modules. The different types of G-structures are then specified by looking at which of
these modules are present, if any. One first uses the fact that there is a connection ∇(T )
preserving the spinor
∇(T )η = 0. (5.10)
Then ∇(T ) −∇ is a tensor that has values in Λ1 ⊗ Λ2. Since Λ2 ∼=so(d) = g ⊕ g⊥ where
g⊥ is the orthogonal complement of the Lie algebra g in so(d), and η is invariant with
respect to g, we conclude that ∇η = (∇ − ∇(T ))η can be identified with an element τ
of Λ1 ⊗ g⊥. Furthermore, this element is a function only of the particular G-structure,
independent of the choice of ∇(T ) and it is in one-to-one correspondence with the intrinsic
torsion. Explicitly [42], for a p-form η
∇mηn1...np = −p τm [n1q η|q|n2...np] , (5.11)
where τ ∈ Λ1 ⊗ g⊥, m is the 1-form index and n, q label the 2-form g⊥ ⊂ Λ2.
The search for supersymmetric solutions of string and supergravity theories demands
the existence of spinors, which annihilate all the supersymmetry transformations. In
geometrical terms, such spinors are parallel with respect to a generalized connection
including the Levi–Civita connection and the fluxes contributions:
∇(T ′)η = 0 . (5.12)
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This gives us the possibility of understanding whether a certain solution preserves super-
symmetry or not by analysing its group structure in terms of the intrinsic torsion. Indeed
one needs its group-structure to be contained in those allowed by (5.12)
∇(T ) ⊆ ∇(T ′) . (5.13)
It is therefore very important to express supersymmetry conditions as constraints on the
intrinsic torsion and at the same time to classify the possible group-structures of the
candidate solutions in terms of the irreducible components of the same intrinsic torsion.
We have to stress, though, that this is still not sufficient to satisfy the equations of
motion, unless one requires maximal supersymmetry. Only in certain favorable cases one
can translate the extra conditions coming from such a requirement in terms of torsion
classes.
Let us see once more how this works explicitly in the case of M-theory. The relevant
components of the intrinsic torsion can be obtained by the product 7×7, where the first
is the representation of Λ1 and the second is the surviving representation of g⊥. This
latter follows from the decomposition of the adjoint of SO(7) under G2: 21 → 14 + 7,
where 14 is the adjoint of G2. This produces four tensors τ ∈ 1+7+14+27 that specify
completely the intrinsic torsion and hence the solutions. For computational purposes it
is extremely important to observe that these components are completely determined by
computing the exterior differential on the invariant forms:
dΦ = X1 ⋆ Φ +X7 ∧ Φ +X27, (5.14)
d ⋆ Φ =
4
3
X7 ∧ ⋆Φ+X14 ∧ Φ. (5.15)
A classification of the allowed tensors Xi in terms of the 4-form flux is given in [40] and
the general solutions of M-theory preserving some supersymmetry are discussed in this
fashion in [41].
6 Data of the effective theory
In this last part of the review we will focus the discussion on the derivation and properties
of the scalar potential induced by the fluxes on the effective 4-dimensional theory. We have
seen how the backgrounds preserving some supersymmetry in the presence of fluxes can
be classified and constructed, using the tool of the group structure of the tangent bundle.
Of course, we are as well interested in effective theories coming from compactifications
that do not satisfy the 10- or 11-dimensional equations of motion, but still give some
supercharges in the effective theory that may be spontaneously broken. This requirement
is related again to the existence of some globally defined spinors on the internal manifold
(therefore implying a reduction of the group structure).
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The idea is that, like the supersymmetry parameter of the previous section, all the
spinor fields are reduced to effective 4-dimensional fields using these globally defined fields
[43, 44]. For instance, the transverse part of the M-theory gravitino Ψµ can be split in the
4-dimensional part ψµ and the internal globally defined spinors η as Ψµ = ψµ⊗η+ψ∗µ⊗η∗.
For an N = 1 compactification of M-theory, from the supersymmetry transformation of
the 11-dimensional gravitino
δΨA =
{
DA[ω] +
1
144
GBCDE
(
ΓBCDEA − 8ΓCDEηBA
)}
ǫ11, (6.1)
we can extract the supersymmetry transformation of the 4-dimensional field
δψµ = Dµε4 + . . .+ ie
K/2Wγµε
c
4, (6.2)
by comparison of the various terms in the reduction after integration over the internal
space. In (6.2) ǫc4 denotes the charge-conjugate spinor and we have emphasized only the
superpotential term, neglecting in the dots the various terms with the vector fields.
The superpotential term (and in general all the shift terms) is then written as an
integral over the internal space of the fluxes appearing in (6.1) and the non-vanishing
contractions of the gamma matrices between the globally defined spinors. These con-
tractions, as we saw in the previous section, describe the structure group of the internal
manifold, and they are represented by globally defined forms.
6.1 Superpotentials from p = 0, 2, 3, 4-form fluxes
The first instance of such structure is the Gukov–Vafa–Witten superpotential for Calabi–
Yau + orientifolds compactifications of type IIB string theory, with 3-form fluxes turned
on [45, 46]. The superpotential reads
W =
∫
G ∧ Ω, (6.3)
where the integral is performed over a Calabi–Yau 3-fold, G = F3 − τH3 is the sum of
the Ramond–Ramond and Neveu–Schwarz 3-form, complexified with the axion/dilaton
τ , and Ω is the holomorphic form of the Calabi–Yau. The Ka¨hler potential describing
the moduli space of the effective theory is the ordinary one for Calabi–Yau manifolds; it
is the sum of the Ka¨hler potential for the complex-structure deformations plus that for
the Ka¨hler deformations and the axion/dilaton:
K = KV +KJ +Kτ = − log−i
∫
Ω ∧ Ω¯− log 4
3
∫
J ∧ J ∧ J − log−i(τ − τ¯). (6.4)
This can clearly be uplifted to F-theory, where the superpotential will have the same
form as (6.3), but now G is a real 4-form and Ω is the holomorphic form of the 4-fold.
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So far we discussed Calabi–Yau compactifications, where the moduli space is clearly
defined and therefore also the Ka¨hler potential of the effective theory. The first instance
of a superpotential for manifolds that are no longer Calabi–Yau was obtained for the
heterotic theory compactifications with fluxes preserving N = 1 supersymmetry in four
dimensions [47] and for half-flat compactifications of type IIA supergravity [48]. For
the Heterotic theory, the resulting superpotential now contains also information on the
deviation of the internal manifold from the Calabi–Yau condition dJ = 0 = dΩ. The
expression is [49, 50]
W =
∫
(H + idJ) ∧ Ω, (6.5)
where H = dB + h, h being the cohomologically non-trivial flux. It is clear that the last
term in (6.5) is non-zero only for manifolds that are not Calabi–Yau, so that dJ 6= 0, but
also generically dΩ 6= 0, as can be obtained by integration by parts.
Since these papers appeared, there was a lot of study in order to understand better
what the possible contributions to the effective theory potential are from the geometric
part, in addition to the fluxes. We now have various derivations of the N = 1 super-
potentials for general compactifications of type IIA/IIB and M-theory. These can be
summarized by the following equations (see for instance [44, 51, 52, 42]):
WIIA =
∫
eB+iJ ∧ F −
∫
(H + idJ) ∧ (C + ie−φRe Ω) (6.6)
WIIB =
∫
eiJ ∧ dΩ +
∫
G ∧ Ω (6.7)
WM = 1
4
∫
(C + iΦ) ∧
[
g +
1
2
d (C + iΦ)
]
. (6.8)
The IIA and IIB expressions contain the fluxes (F = m0 + F2 + F4, G = G3) and the
globally defined forms defining an SU(3) structure (J , Ω). The M-theory superpotential
contains on the other hand theG2-structure Φ. It is more difficult to give an expression for
the Ka¨hler potential governing the geometry of the moduli spaces of these compactifica-
tions. It is indeed less clear which are the light fields one should really consider in these
compactifications and also when the truncation to these fields is consistent. Recently
some light was shed on this issue too [44]. It has been argued that the Ka¨hler potential
for SU(3)-structure compactifications is perfectly analogous to the one for Calabi–Yau
manifolds (6.4). Analogously, the M-theory Ka¨hler potential is formally the same as
the one of G2-holonomy compactifications. It was explicitly obtained for G2-structure
manifolds, for instance in [52], and it reads
K = −3 log 1
7
∫
Φ ∧ ⋆Φ. (6.9)
In paper [44], a general discussion of the effective theory of a compactification of
type II supergravity on a manifold with SU(3) structure, before considering any addition
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of orbifolds or orientifold projections, was also presented. This theory preserves N =
2 supersymmetry at the level of the lagrangian, and theorefore also for this type of
compactification the potential can be completely specified in terms of geometrical objects
through the quaternionic prepotentials P x. These were found to be
P 1 = −2e 12KV +φ4
∫
e−B−iJ ∧ dRe Ω,
P 2 = −2e 12KV +φ4
∫
e−B−iJ ∧ d Im Ω,
P 3 =
1√
2
e2φ4
∫
e−B−iJ ∧GIIA
(6.10)
for type IIA compactifications, and
P 1 = −2e 12KJ+φ4
∫
Ω ∧ dRe e−B−iJ ,
P 2 = 2e
1
2
KJ+φ4
∫
Ω ∧ d Im e−B−iJ ,
P 3 = − 1√
2
e2φ4
∫
Ω ∧GIIB
(6.11)
for IIB compactifications, where φ4 is the 4-dimensional dilaton. This result therefore
includes the special cases of N = 2 Calabi–Yau compactifications with fluxes analysed in
[53, 54, 55, 56].
6.2 The attractor potential: superpotential from 5-form fluxes
Another potential, which is also related to a holomorphic “superpotential”, is the (N =
2) black-hole potential (for an asymptotically flat extremal black-hole) whose extrema
control the formula for the black-hole entropy/area through the relation [62, 57]
SBH =
AHor
4
= πVBH(p, q, φfix)
∣∣∣∣
∂V
∂φ
=0
, (6.12)
where V is given in terms of the Sp(2n,R) vector (pΛ, qΛ) = P and of the symplectic real
matrix
M =
(
A B
C D
)
, (6.13)
where
A = Im N + Re NN−1Re N (6.14)
B = −Re N Im N−1 (6.15)
C = −Im N−1Re N (6.16)
D = Im N−1 (6.17)
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through the formula [26, 58, 57]
VBH = −1
2
PTMP. (6.18)
Note thatM is symmetric and negative-definite whenever the complex symmetric matrix
N has Im N < 0. The matrices Im N , Re N are the “normalizations” of the F ∧ F
and F ∧ F˜ terms in the action, where FΛ are the vector field strengths. For N -extended
supergravity theories the potential V is given by [21]1
VBH =
1
2
|ZAB|2 + |ZI |2, (6.19)
where ZAB = −ZBA is the “central-charge” matrix of the supersymmetry algebra [59]
{
QAα , Q
B
β
}
= ǫαβZ
AB(φ) (6.20)
and ZI are the “matter” charges of the “vector multiplets”. For N = 2, Z
AB = ZǫAB,
ZI = DiZ ≡
(
∂i +
1
2
Ki
)
Z (recall that D¯ı¯Z ≡
(
∂ı¯ − 12Kı¯
)
Z = 0) and the black-hole
potential simplifies to [58, 26]
VBH = ZZ¯ + g
i¯DiZD¯¯Z¯ = |Z|2 + |DiZ|2 (6.21)
in terms of the (covariantly holomorphic) central charge [27]
Z = eK/2(XΛeΛ − FΛpΛ). (6.22)
Using the special geometry identity [60, 61]
P = 2Re (−iV¯ Z − iDiV gi¯D¯Z¯) (6.23)
in terms of the symplectic vectors [27, 26]
P =
(
mΛ
eΛ
)
, V =
(
LΛ = eK/2XΛ
MΛ = e
K/2FΛ
)
, (6.24)
the “attractor equations” DiVBH = 0 can be rewritten as
P = 2Re
(
−iV¯ Z + 1
2Z
DiV DjZDkZCı¯¯k¯g
i¯ıgj¯gkk¯
)
. (6.25)
For supersymmetric attractors (DiZ = 0), this formula simply becomes [62, 63, 58]
P = 2Re (−iV¯ Z) . (6.26)
1An exception is N = 6 supergravity, where an additional singlet charge Z appears in the supergravity
multiplet other than ZAB.
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In terms of the Calabi–Yau data Z,DiZ are given by the “fluxes” of the IIB 5-form along
the holomorphic cycles of the 3-form cohomology [26, 64]
Z =
∫
CY×S2
F5 ∧ Ω (6.27)
and
DiZ =
∫
CY×S2
F5 ∧DiΩ. (6.28)
For supersymmetric attractors F5 has only a (3,0) component. The 10-dimensional space
is the product of AdS2 × S2 × CYpq where CYpq is an “attractor variety” as discussed in
[64]. For non-supersymmetric attractors (DiZ 6= 0), F5 has also a (2,1) component; these
have recently received some attention [61, 65, 66, 67, 68].
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